Abstract. In this paper we study measurability properties of sets of the form E, = {t + max +na2\m, n £ Z} (/ G R)
Introduction
Let ax, a2 be given real numbers with ax/a2 irrational, and consider the sets E, := {t + max + na2\m, n £ Z} (i e R).
The problem we shall be concerned with in this paper is the existence of sets C, T c R for which 0 < m A < mT, where A = \JteC EtC\T and m denotes the Lebesgue measure in R. Sets such as these have played an important role to establish certain fundamental results in measure theory. For example, it is well known that, if we make use of the axiom of choice and let P be a set which contains exactly one element from each equivalence class under the relation x~y<&x-y£Eo, then the set (J {t + max + 2na2\m, n £ Z} teP is nonmeasurable and, moreover, each Lebesgue measurable set that is included in it or in its complement has Lebesgue measure zero (see, for example, [1, 2] ).
However, the question of measurability of sets of the form |JigC Etr\T that we have posed above seems not to have been solved.
Observe first that the sets Et are countable, and thus measurable with measure zero. Also, they are dense in R. This fact can be easily seen as follows. Assume, without loss of generality, that t = 0 and ai > 0. Note that, for every / £ N, there exists a unique m¡ £ Z such that x¡ := m¿ax + ia2 £ (0, ai).
Let 7 be any open interval, set e := ml > 0, and let k e N be such that ke > ax. Then, among the k+1 numbers xx, ... , xk+x in the interval (0, ai ), there must be at least two, say x¡ and x¡, such that \x, -Xj\ < e. Thus, some integral multiple of x¡ -x¡, i.e., some element of Tío , belongs to the interval 7. This shows that E0 is dense in R, as claimed. Now, observe that if C is any countable subset of R, then m A = 0. On the other hand, if C is any interval and T any measurable set, then m A = mT. In an initial guess, no sets C and T seem apparent for which 0 < m A < mT.
The main result we prove in this paper is the following: if C and T are any subsets of R with T measurable, then, necessarily, m*A equals 0 or mT, where m* denotes the Lebesgue outer measure in R, but if we remove the condition on T of being measurable, the existence of sets C and T such that 0 < m*A < m*T can be assured.
The case T an interval
The purpose of this section is to prove that if C is any subset of R and T is any interval, then, necessarily, m*A equals 0 or mT, where A = \JteC Et n T.
Without loss of generality, we shall prove this result assuming that T = [0, 1 ).
For all x and y real numbers, define the sum modulo 1 of x and y by = / \f(xes)\2dx+ f \f(xes)\2dx 
Hence,
We deduce that, if / is any step function, then (/, Fsg) -> (/, g), s -► 0. Let e > 0 and let / be a step function such that ||/-g|| < e/2||g||. Since We can now establish our main result for the case when T is an arbitrary interval.
2.3 Theorem. 7/C, T c R with T an interval, then m*(\Jl€CElC\T) is 0 or mT.
Proof. In view of the remarks at the beginning of this section, the result will follow if we show that the outer measure of A = \J,eC A, equals 0 or 1. For the proof we consider two cases. Observe first that, if s £ A0, then
implying 
The case T measurable
In the previous section we proved that no matter which C we choose, if T is any interval, then m*(\JteCEt r\T) is 0 or mT. We shall now prove that this result remains valid if T is any Lebesgue measurable set. To do so, we require the following auxiliary result. This shows that m*(M n T) = mT and the proof of the theorem is complete.
AN EXAMPLE WITH T NONMEASURABLE
In this section we provide an example of (nonmeasurable) sets C and T for which the outer measure of Uiec Et n T lies in between 0 and the outer measure of T.
Let ax, c*2 be any real numbers with a 1/02 irrational. As before, let E, = {t + max + na2\m, n £ Z} (t £ R).
Define a relation " ~ " on R by letting x ~ y hold if and only if x -y £ Eo . This is an equivalence relation and hence partitions R into equivalence classes, each having the form E, for some ieR. By the axiom of choice there exists a set C which contains exactly one element from each equivalence class. Consider the sets It is well known that M = C + Fq is a nonmeasurable set and, moreover, each Lebesgue measurable set that is included in it or in its complement Mc = C + Go = M + a2 has Lebesgue measure zero (see, for example, [1, 2] showing that 0 < m*(M n T) < m*T.
